We have carried out extensive series studies, at Tϭ0 and at high temperatures, of two-chain and three-chain spin-half ladder systems with antiferromagnetic intrachain and both antiferromagnetic and ferromagnetic interchain couplings. Our results confirm the existence of a gap in the two-chain Heisenberg ladders for all nonzero values of the interchain couplings. Complete dispersion relations for the spin-wave excitations are computed. For three-chain systems, our results are consistent with a gapless spectrum. We also calculate the uniform magnetic susceptibility and specific heat as a function of temperature. We find that as T→0, for the two-chain system the uniform susceptibility goes rapidly to zero, whereas for the three-chain system it approaches a finite value. These results are compared in detail with previous studies of finite systems. ͓S0163-1829͑96͒06226-1͔
I. INTRODUCTION
The magnetic properties of low dimensional systems have been the subject of intense theoretical and experimental research in recent years. It is by now well established that one-dimensional Heisenberg antiferromagnets with integer spin have a gap in the excitation spectrum, whereas those with half-integer spin have gapless excitations. The former have a finite correlation length, while for the latter it is infinite with the spin-spin correlation function decaying to zero as a power law. In two dimensions, the unfrustrated squarelattice Heisenberg model has long range Néel order in the ground state. It has gapless Goldstone modes as expected. In recent years much interest has focused on systems with intermediate dimensionality and on questions of crossovers between dϭ1 and dϭ2. One approach to this problem has been to study a two-dimensional system where the coupling for the spins separated along the x axis is different from that for those separated along the y axis. 1 It has been suggested that an alternative way to explore this issue is through the Heisenberg spin ladders consisting of a finite number of chains coupled together, with a coupling J ʈ along the chains and J Ќ between them. These systems have been the subject of considerable recent theoretical and experimental interest.
Experimentally, two-chain Sϭ Theoretically, a number of striking predictions have been made for such systems. These have been recently reviewed by Dagotto and Rice. 4 Barnes et al. 5, 6 carried out extensive Monte Carlo studies of the excitation spectrum and the magnetic susceptibility for two-chain ladders with antiferromagnetic interchain coupling. White et al. 7 and Hida 8 have used the density-matrix renormalization method to study the spin gap. Watanabe 9 has applied the numerical diagonalization method to finite systems of two-chain ladders with ferromagnetic interchain coupling. Azzouz et al. 10 developed a meanfield theory and used the density-matrix renormalization group method to study two-chain ladders. Gopalan, Rice, and Sigrist 11 presented a variational wave function for the ground state of the two-leg ladder. The extension of the Lieb-ShultzMattis theorem to odd-chain ladders by Affleck 12 and Rojo 13 implies that spin ladders with odd numbers of legs have either degenerate ground states or gapless excitations. Troyer et al. 14 have used improved versions of the quantum transfermatrix algorithm to study the temperature dependence of the susceptibility, specific heat, correlation length, etc. of twochain ladders. Finite-size scaling was used by Hatano and Nishiyama 15 for multileg ladders, and recently Frischmuth et al. 16 and Sandvik et al. 17 have applied quantum Monte Carlo simulation to compute the temperature dependence of the uniform susceptibility and internal energy for spin ladders with up to six legs. One clear result from all these studies is that ladders with an even number of legs have an energy gap, short range correlation and a ''spin liquid'' ground state. On the other hand, ladders with an odd number of legs have gapless excitations, quasi long range order, and a power-law falloff of spin-spin correlations, similar to single chains. Experiments also confirm these features.
We have carried out extensive series studies of two-chain and three-chain ladder systems with both antiferromagnetic and ferromagnetic interchain coupling J Ќ , via Ising expansions and dimer expansions at Tϭ0, and also by high temperature series expansions. Our results confirm the existence of a gap in the two-chain system and delineate the phase diagram in the parameter space of Ising anisotropy and the parameter ratio J Ќ /J ʈ . The complete spin-wave excitation spectra are computed. For the three-chain system we are unable to exclude the possibility of a gap from a direct calculation of the excitation spectra. However, several other calculations, such as the phase boundary with Ising anisotropy and uniform susceptibility, led us to the conclusion that the spectrum for the three-chain system is gapless. In addition, we develop a high temperature series expansion for the uniform magnetic susceptibility and the specific heat for twochain and three-chain systems with J ʈ ϭJ Ќ ; the susceptibility of two-chain ladders is as expected for a system with a spin gap while that of three-chain ladders appears to remain finite in the zero-temperature limit, suggesting the absence of a spin gap. We compare our results in detail with previous calculations.
II. SERIES EXPANSIONS
The Hamiltonian of a spin ladder with n l legs is given by
where S l,i denotes the Sϭ1/2 spin at the ith site of the lth chain. J ʈ is the interaction between nearest neighbor spins along the chain and J Ќ is the interactions between nearest neighbor spins along the rungs. We denote the ratio of couplings as y, that is, yϵJ Ќ /J ʈ . In the present paper the intrachain coupling is taken to be antiferromagnetic ͑that is, J ʈ Ͼ0) whereas the interchain coupling J Ќ can be either antiferromagnetic or ferromagnetic. This includes the values of interest in the experimental systems discussed earlier where J Ќ ϳJ ʈ . Without loss of generality, we can set J ʈ ϭ1 hereafter. We have carried out three different expansions for the system. The first is the expansion about the Ising limit at zero temperature for both two-and three-chain ladders. We have computed the ground state properties as well as the spin-wave excitation spectra by this expansion. The second is the dimer expansion, again at Tϭ0. This expansion can be done for the two-chain system with antiferromagnetic interchain coupling only. The third is the high temperature series expansion for the uniform susceptibility of the two-chain and three-chain ladders with yϭ1.
A. Ising expansions
To perform an expansion about the Ising limit for this system, we introduce an anisotropy parameter x, and write the Hamiltonian in Eq. ͑1͒ as
The limits xϭ0 and xϭ1 correspond to the Ising model, and the Heisenberg model respectively. 16 for two-chain ladders, and x 12 for three-chain ladders ͑the series for uniform perpendicular susceptibility is one order less in each case͒. The resulting series for yϭϮ1 for the two-chain and three-chain systems are listed in Tables I and II ; the series for other value of y are available on request.
To analyze these series, we first performed a standard Dlog Padé analysis of the magnetization M and parallel susceptibility ʈ series. We found that for two-chain ladders, the series lead to a simple power-law singularity at xϽ1:
with the indices ␤ and ␥ close to 1/8 and 7/4, respectively. This transition at xϽ1, with criticality in the universality class of the two-dimensional ͑2D͒ Ising model, is strong evidence that in the Heisenberg limit the system has a disordered ground state with a spin gap, as is the case for the spin-1 chain. 20 In contrast, for the three-chain ladders, the series analysis showed poor convergence and suggested a singularity at xу1. This implies that for the three-chain ladders, the system is analogous to the spin-half chain, with gapless spectra and power-law correlations in the Heisenberg limit. Figure 1 shows the phase boundary for two-chain ladders as a function of y. It is interesting to note the different behavior for yϾ0 and for yϽ0: for antiferromagnetically coupled two-chain ladders (yϾ0), x c decreases as y increases, and in the limit of y→ϱ, x c will approach 0. But for ferromagnetically coupled two-chain ladders (yϽ0), x c first decreases as the absolute value of y increases from zero, but then the trend reverses and it, once again, approaches 1 as y→Ϫϱ. To understand this behavior, we can map the system for large negative y to a spin-1 chain with on-site ͑single-ion͒ anisotropy:
where S i,tot denotes the S ϭ 1 spin at the ith site of the chain. We can get the asymptotic behavior of the phase boundary in the limit of y→Ϫϱ by studying the following spin-1 chain with on-site anisotropy: (1) . Hence, the asymptotic behavior of the phase boundary in the limit y→Ϫϱ is given by
which is also shown in Fig. 1 as a bold line near y/(1ϩ͉y͉)ϭϪ1. Figure 2 gives the results of the ground state energy per site E 0 /N versus y for both two-chain and three-chain ladders at the Heisenberg point xϭ1. Our results for the ground state energy agree extremely well with the recent quantum Monte Carlo simulation. 16 In Fig. 3 , we present the uniform perpendicular susceptibility at Tϭ0.
We also performed the Ising expansion for the triplet spin-wave excitation spectrum of two-chain and three-chain ladders using Gelfand's method. 21 To overcome a possible singularity at xϽ1 in the two-chain ladders, and to get a better convergent series in the Heisenberg limit, we add the following staggered field term to the Hamiltonian in Eq. ͑2͒: 
⌬H vanishes at xϭ1. We adjust the coefficient t to get the smoothest terms in the series, with a typical value being tϭ2. We computed the Ising expansion for the triplet spinwave excitation spectrum ⑀(k) up to order x 15 for two-chain ladders, and up to order x 11 for three-chain ladders. These series are too long to be listed here, but are available on request.
These series have been analyzed by using integrated firstorder inhomogeneous differential approximants. 22 For the two-chain ladder, there are two bands of excitations; Fig. 4 shows the dispersion ⑀(k), with k y ϭ, for antiferromagnetic interchain coupling. The other band with k y ϭ0 is related to this by ⑀(k x ,0)ϭ⑀(Ϫk x ,). This is simply due to the staggered field, which doubles the spectrum. As a comparison, the dispersion relation of a single chain ͑that is, the case of yϭ0) is also shown. It can be seen from the graph that in the limit y→0, the dispersion relation has a simple cosine function with a period of 2, and in the limit y→ϱ, the dispersion relation also has a simple cosine form with a period of 4, and a gap in the spectrum. Barnes and Riera 6 argued that the dispersion, for all y, can be fitted by combining these two functions into the following form:
The phase boundary for two-chain ladder. The asymptotic behavior as y→Ϫϱ predicted by a spin-1 single chain system with on-site anisotropy is also shown by the bold line. 
For yϭ1, the Ising expansions give an energy gap of ⑀(,)ϭ0.44 (7) . A more precise estimate is obtained by the dimer expansions, which give ⑀(,)ϭ0.504(7). We will discuss the dimer expansions later. For ferromagnetic interchain coupling, the two bands of spectra are independent, but each band is a simple cosine function with a gap at the minimum and symmetric about k x ϭ/2, as shown in Figs. 5 and 6. As noted in Fig. 4 , it is clear that the spin gap decreases smoothly as y is reduced, and vanishes at yϭ0. These results agree well with previous calculations. 6 For the three-chain system, there are three bands. In the Ising limit, two bands have initial excitations located in the side rows, and the third band has it in the middle row. Figures 7 and 12 show the spectrum of the three bands for ferromagnetic and antiferromagnetic interchain couplings. From these graphs, we can see that all of the dispersion relations have a simple cosine function ͑except for the middle row band with large y) with a minumum located at k x ϭ0 ͑or k x ϭ by symmetry͒; where two of these three bands have a definite gap, the third band ͑the symmetric excitations for the outer chains͒ is consistent with a gapless spectrum. The estimate for the gap in the third band for all y values is 0.2(3) ͓except for the case of yϭ0 where we got 0.08͑10͔͒. We note here that we have rather large uncertainties in the gap due to the fact that one class of approximants give values very close to zero, whereas another class of approximants give a much larger value. Hence we cannot exclude the possibility of a finite gap simply from these calculations. But given our earlier results on the phase boundary with Ising anisotropy, we believe the spectra are gapless. 
B. Dimer expansions
For two-chain ladders, with antiferromagnetic coupling between the chains, there is an alternative Tϭ0 expansion that can be developed. In the limit that the exchange coupling along the rungs J Ќ is much larger than the coupling J ʈ along the chains, that is, yӷ1, the rungs interact only weakly with each other, and the dominant configuration in the ground state is the product state with the spin on each rung forming a spin singlet, so the Hamiltonian in Eq. ͑1͒ can be rewritten as
We can treat the operator H 0 as the unperturbed Hamiltonian. The eigenstates of a single pair of spins, or dimers, consist of one singlet state with total Sϭ0 and eigenenergy E s ϭϪ3/4:
and three triplet states with total Sϭ1 and eigenenergy E t ϭ1/4: 
The operator V is treated as a perturbation. It can cause excitations on a pair of neighboring dimers. Details of the dimer expansions and the matrix elements of V are given in Ref. 19 , and will not be repeated here.
We have carried out the dimer expansion for the ground state energy to order (1/y) 9 and for the lowest lying triplet excitations to order (1/y) 8 and the series for the excitation spectrum are listed in Table  III . Again, we use the integrated first-order inhomogeneous differential approximants 22 to extrapolate the series. For the ground state energy, we get E 0 /NϭϪ0.5785(5) for yϭ1, which agrees very well with the recent quantum Monte Carlo ͑QMC͒ result, E 0 /NϭϪ0.5780(2), of Frischmuth et al. 16 For the excitation spectrum, the dimer expansions give much better results than the Ising expansions for the case of yϾ1. For yϳ1 the dimer expansions also appear to converge better. The overall spectra determined from the combined study of dimer and Ising expansions are shown in Fig.  4 .
C. High temperature series expansions
We now turn to the thermodynamic properties of the ladder system at finite temperatures. We have developed high temperature series expansions for the uniform magnetic susceptibility (T) and the specific heat C(T), for two-chain and three-chain system with J Ќ ϭJ ʈ ,
TABLE III. Series coefficients for the dimer expansion of the two-chain triplet spin-wave excitation spectrum ⑀(k x ,k y ϭ)ϭy ͚ n,m a n,m (1/y) n cos(mk x ). Nonzero coefficients a n,m up to order nϭ8 are listed.
(n,m) a n,m (n,m) a n,m (n,m) a n,m (n,m) a n,m where N is the number of sites and ␤ϭ1/(k B T), and the internal energy U is defined by
The series were computed to order ␤
14
. The number of contributing graphs, with up to 14 bonds, was 4545 for the twochain ladders and 5580 for the three-chain ladders. The series are listed in Table IV . We use integrated first-order inhomogeneous differential approximants 22 to extrapolate the series. The resulting estimates are shown in Figs. 13 and 14 . For the susceptibility, as a comparison, the recent quantum Monte Carlo ͑QMC͒ results of Frischmuth et al. 16 and the results from our T ϭ 0 Ising expansion for three chains are also shown. It can be seen that our results agree very well with the QMC results except for the three-chain system at very low temperatures. Given the recent findings that for the spinhalf chain the Tϭ0 value is reached from finite temperatures with infinite slope, 23 one might expect the T→0 behavior for these three-chain systems to be equally complex, making it very difficult to explore numerically. For the specific heat, our results showed good convergence up to the peak, but poor convergence below it. The results for the two-chain ladder are consistent with recent quantum transfer-matrix calculations by Troyer et al.

III. CONCLUSIONS
We have studied the two-and three-chain HeisenbergIsing ladders by a variety of different series expansions. Our results confirm the existence of a gap in the excitation spectrum of two-chain systems, with either ferromagnetic or antiferromagnetic interchain interactions. For three-chain systems, a direct calculation of the excitation spectra leads to rather large uncertainties near the minimum and on that basis the possibility of a gap cannot be ruled out. However, given our other results on the phase diagram with Ising anisotropy and the uniform susceptibility, we are led to the conclusion that the spectra are gapless. The Tϭ0 phase diagram as well as the temperature dependence of the uniform susceptibility and the specific heat are also calculated. Overall, our results are in reasonable agreement with previous numerical studies of these systems. 
